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1. Introduction

Researchers in fixed point theory have generalized the well-known Banach con-
traction principle [5] in various ways, enabling its application across diverse fields,
including differential and integral equations, fractional differential equations, math-
ematical biology, physics, and computer data flow. In 1975, Marcinkiewicz [16]
proved a theorem, and around the same time, Riesz and Thorin [16] developed
their theorem, known as the Riesz—Thorin theorem. These foundational theorems
have been instrumental in the development of interpolative theory. In 2018, Kara-
pinar [16] introduced the concept of interpolative Kannan-type contractions. This
was later extended to interpolative Hardy-Roger-type contractions by Karapinar
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et al. [8, 12]. Expanding on Karapinar’s concepts [16], Kumar and Chilongola
[12], along with Wangwe and Kumar [18], subsequently proved theorems concern-
ing interpolative-type contractions. For more generalizations of interpolative type
in different spaces, one can see [6, 8, 9, 17, 18] and the references therein.

In 1969, Meir and Keeler [13] introduced a contraction that generalized the
Banach contraction, later known as the Meir-Keeler contraction. Karapinar’s work
[7] on interpolations involving the Meir-Keeler contraction provides insights into
extending these results across various spaces and types of contractions. In 2024,
Yahaya and Shagari [19] gave a very interesting result on the Meir-Keeler type
contraction in a complete metric space.

In this paper, we modified Meir-Keeler contraction and Réich-Rus-Ciric con-
traction into a new contraction to establish the fixed point theorems in a complete
metric space.

2. Preliminaries
In 1969, Meir and Keeler [13] introduced a new contraction and established a
new theorem to obtain a fixed point.

Definition 2.1. [13] Let (Z,0) be a complete metric space. A mapping P: Z — Z
18 said to be a Meir-Keeler contraction on Z if for every e > 0, 34,6 > 0, such that
e<o(W,v)<e+d, = o(Pv,Pr)<e, (2.1)

for every v, v € Z.
Using above definition Meir-Keeler [13] proved the following theorem:

Theorem 2.1. [13] On a complete metric space (Z,0), any Meir-Keeler contrac-
tion P : Z — Z has a unique fixed point.

In 2021, Karapinar [7] established a relationship between the interpolative Kan-
nan type contraction and the Meir-Keeler contraction [12, 18], which led to a new
contraction known as the Interpolative Kannan-Meir-Keeler type contraction.

Definition 2.2. Let us consider a complete metric space (Z,0). A self mapping
P on Z is called interpolative Kannan-Meir-Keeler type contraction on Z, if there
exists a € (0,1), such that

(i) Given, € > 0, there exists § > 0, such that
e < [o(®, PY))*o(v, Pv)]"™* < e+,
— o(PY,Pr) < e
(ii) We can rewrite the above inequality as

o(PY, Pv) < [o(9, PY)]*[o(v, Pv)]' ™.
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For all 9,v € Z\Fix(P).
Following this definition, Karapinar [7] got a result for a fixed point.

Theorem 2.2. For every self-interpolative Kannan-Meir-Keeler type contraction
on a complete metric space, there is a fixed point.

Reich introduced a new contraction [15] in 1971, which was known as the Réich-
Rus-Ciric contraction. This contraction is a combination of the Banach and the
Kannan contractions, which gave us a fixed point in a complete metric space.

Theorem 2.3. Let (Z,0) be a complete metric space. A mapping P : Z — Z
which satisfied the condition,

o(PY, Pv) < ao(V,v) + fo (0, PY) + vyo(v, Pv).

For all9,v € Z\Fix(P), where, a, 3,7 >0 and o+ B+~ < 1. Then P possesses
a unique fixed point.

In 2019, Aydi et al. [3] combined the Réich-Rus-Ciric type contraction with the
interpolation to get a new definition known as interpolative Réich-Rus-Ciric type
contraction. This has a fixed point in a complete metric space.

Definition 2.3. [3] Let (Z, o) be a complete metric space. A mapping P : Z — Z is
said to be an interpolative Réich-Rus-Cliric type contraction, if there are constants
A€ [0,1) and o, 5 € (0,1), with a + 5 < 1 such that

o(PV, Pv) < o (9, v)]*[o (9, PY))’[o(v, Pv)] 5, (2.2)

For all 9,v € Z\Fix(P).
The following result was established by using the above definition.

Theorem 2.4. [3] Let (Z,0) be a complete metric space. An interpolative Réich-
Rus-Ciric type contraction P : Z — Z has a unique fized point.

For further understanding of an interpolative type contraction, we study papers
(10, 11].

Definition 2.4. [14] Let P and S be two self mappings on a non-empty set Z.
Suppose v € Z such that v = Py = SU, for some ¥ € Z, then ¥ is called a
coincidence point of P and S and v is called a point of coincidence of P and S. If
¥ =v, then P and S have a common fixed point.

Definition 2.5. [14] Let (Z,0) be a metric space. Let {U,} be a sequence in Z.
Then

(i) A sequence {0,} is said to be converges to 9 € Z if and only if

lim 0(9,,9) =0= lim 9, = 9.
n—00 n—00
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(i) A sequence {9,} is said to be Cauchy sequence if and only if
lim o(9,,9,)=0.

n,Mm—00
(i) A metric space (Z,0) is said to be a complete metric space if every Cauchy
sequence to an element in Z.
For a further understanding of a common fixed point of maps, we study papers [1,
4].

3. Main Results
To obtain the desirable results, (2.1) and (2.2) were combined into a new defi-
nition.

Definition 3.1. Let (Z,0) be a metric space. A mapping P : Z — Z is said to
be an interpolative Réich-Rus-Ciric Meir-Keeler contraction on Z, if there exists
a,f >0 and a+ < 1, such that for every ¥,v € Z\Fix(P), we have

(i) Given, € > 0, there exists § > 0, such that
e <[o(V,v)]*[o(V, PY))°[o(v, P)]' P <e+46, (3.1)
=  o(Pv, Pv) <e.
(ii) We can write (3.1) and (3.2) as
o(PY, Pv) < [0(9,v)]%[o(0, PY)]Plo(v, Pv))' P,

Using the above definition, a fixed point(s) is obtained in a complete metric space.

Theorem 3.1. Let (Z,0) be a complete metric space. Any interpolative Réich-
Rus-Ciric Meir-Keeler contraction mapping on Z has a unique fixed point.
Proof. Let (Z,0) be a complete metric space. Let P : Z — Z is said to be an
interpolative Réich-Rus-Ciric Meir-Keeler contraction.

Let ¥ € Z be the initial point. By Picard’s iteration, we can construct a sequence
{0,} € Z, s0

¥, = PV, = Py, forall neN.
To show: {o(¥,,,+1)} is a decreasing sequence.
U(ﬁnaﬁnJrl) = U(Pﬁnflapﬁn)a

0O, Ins1) < [0(Pn1,00)]* [0 (Onr, POn1))’[0(9n, POR)] 7,

(U, Uns1) < [0(0n_1,9)]%0(On_1,9)]’[0(On, Ons1)] "7,
(0-<19n,19n+1))a+ﬁ < (J(ﬁn,l,ﬁn))mrﬁ’

(U, Ung1) < (U1, 0n).
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Therefore, {o(,,¥,11)} is a decreasing sequence and it will converge to some
point, say ’a’ i.e.

lim o(d,,9,41) = a.
n—oo

To show: a = 0.
Suppose a # 0, then we can choose § > 0, such that

a S 0'(79”7 79”+1), (33)
and
[0(0n-1,0)]%[0 (1, PIp1)]Plo(0p, PU)] P < a+6.

From (3.3), we have

a SU(ﬁn7/l9n+l) = U(Plgnfl, Pﬁn), (34)
a <[o(n_1,90)]%0(Op_1, POp_1)]’[0(Fn, PU)] P < a+6.
By definition of P, we have
o(P9,_1,P0,) <a
0 (U, Ipi1) < a. (3.5)
From (3.4) and (3.5), we have
0 (¥, 1) = a, which is not possible unless a = 0.
Therefore,
lim o (Y, Ups1) = 0. (3.6)

n—oo

To show: {¥,} is a Cauchy sequence in Z.
Let m,l € N with [ > m, then using triangular inequality, we have

(O, ) < 0Oy Ims1) + 0(Vmat, V),

o(0m, ) < o(Om,Omi1) + o(Py,, PY,_1),

00y 1) < 0y D) + [0(Fin, 01-1)]* [0 (Fins PO [0 (911, PO 7,
(D, ) < (O, Umngr) + [0 (s Vi-1)] [0 (I, 19771—&-1”6[0(1%—17 190]1—04—/3‘

From (3.6), by applying limit as m,l — oo = o(¥,,, ;) = 0.
Therefore, {1} is a Cauchy sequence in a complete metric space Z, then there
exists v € Z, such that



242 South FEast Asian J. of Mathematics and Mathematical Sciences

lim,, 00 ¥y, = 0 = lim,, oo (U, ¥) = 0.
To show: P9 = v.
Suppose P # 9, then o (¢, PJ) > 0, so

o0, PY) < o(d,9,) + a(PY,_y, PY),
o9, PY) < o(9,9,) + [0, 9)]%[0 (D, PY,)]| [0, PO P,
o0, P9) < 0(0,00) + [0 N [0, Insn) [0, PO,

As n — 0o, we have

o(¥, PY¥) < 0, which is a contradiction.

Therefore, o(d, PY) = 0,

= Py =1, i.e 'V is the fixed point of P.

Uniqueness of fixed point:

Let ¥, v € Fiz(P), (if possible) in Z such that, PY = ¢ and Pv = v, where J # v,
then

o(¥,v) = o(PY,Pv),
oW, v) < [o(®,v)]*e, PY)]’o(v, Pv)]' ",
o(W,v) < 0.

which is not possible. Therefore, ¥ = v.
Here, we will use one of the examples which satisfied the above proof.

Example 3.2. Let Z = N. Let us define a mapping P : N — N by
Py =29 —1,and 0 : N x N = [0,400) by

0(1971/):{ 0, ifd=v

¥+ v, otherwise.

Solution: Taken o = %, b= % and ¥ =2, v = 3 so,

0(2,3) =5,0(P2,P3) =8,0(2, P2) = 5,0(3, P3) = 8, then with e = 8 and § = 4.
T is a Meir Réich-Rus-Ciric-Meir -Keeler interpolative contraction. With ¥ =1 as
the unique fixed point of P.

The results due to Mohantay and Maitraz [14] serve as motivation for us to
study the existence of a common fixed point between two self-maps on a complete
metric space. From an established definition, a condition is put forward to check
whether the common fixed point can be obtained on a complete metric space.

Theorem 3.3. Let (Z,0) be a complete metric space. Let S and P be two self
mappings on Z. Then, P and S have a common unique fixed point.
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Proof. Let ¥y € Z be the initial point. Let ¢, = Pvqy, vo = Sv, v3 = Py,
Uy = SU3,...

In general, we can write the sequence,
Vonr1 = Pvy, and Vg, 19 = SV9,41, for all n € N.
Then {¥,,} be the sequence and '’ is defined as
o(PY,Sv) < No(@,v)]*[o(d, PO)[o(v, Sv)]' =77,
where «, f > 0 with « + § < 1 and A € [0,1). Now,
0 (Vonio, Vans1) =0(SVan11, Pay) = (P2, S¥2n11),
0 (Vant2, Vant1) SN0 (Dan, V2ni1)]%[0 (D2, PI2n))*[0(Dan i1, SPanin)]' ™77,
0 (Vanta, Vant1) SN0 (Dan, V2ni1)]% [0 (D2, Vans1)]’ [0 (D2ni1, Dansa)]' 077,
(0(Vans2, 192n+1))a+5 <Ao((V2n, 792n+1))a+ﬁ

o (Vant2, Vant1) S)\ﬁa(ﬁ%uﬁ?nﬁ-l)a
0 (Vant2, Vant1) <A (Von, Vant1), (3.7)
0 (Vonta, Vont1) <o(Von, Voni1)-

Therefore {o (¥, 12, 2,41)} is a decreasing sequence. From (3.7), we have

(Ut Vont1) KAT(Van, ani1) < N0 (Van_1,V2n) < N0 (Van_2,Von_1),
0 (Dnt2, Yons1) KA o(94,99). (3.8)

Let m,n € N with n > m, so

0(Vam,V2n) < 0(Vom, Vami1) + 0(Vomi1, Vomiz) + ... + 0 (Van—1, Van),
U(ﬁgm,ﬁgn) S )\Qma(ﬁl,'ﬁo) —+ )\2m+10'(191,190) + +)\2n_10(191,1’0),
o (Vom, Va2) < )\Qm(l AN+ .+ )\2"_2m_1)0(191, Vo),

)\2m
o (Vom, Van) < - )\0(191,190)-

As m tends to co, A*™ — zero, so {1, } is a Cauchy sequence in a complete metric
space Z. Then, there exists ¥ € Z i.e
hmnﬁoo 19271 =
To show: ¥ is a fixed point of P.
o(¥,PY) < o(9,99,) + (P, 0,),
o(¥,PY) < o(09,99,) + a(PV, Stay,),
o(9, PO) < a(9,020) + Ao(9,92n1)]%[0(9, PO))P[0(D2n-1, SV2n1)]' .
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As n tends to oo, we have
(Y, PY) =0= PY=1.

i.e. ¥ is the fixed point of P. B
Uniqueness of fixed point: Let 9,9 € Fiz(P)(if possible) i.e

P9 = 9, and ,P0 =9,
o(9,0) < o(9,09,) + (9, 92,).

As n tends to oo, we have

o(¥,9) = 0,
=9 = 9.

Let [,k € N with £ > [, so

o(Vors1,Vok+1) < 0(Vas1, Vart2) + 0(Varr241, Vougs) + ..o + 0(Vor, Dopr1),
0-<1921+17192k+1) S >\2l+10'(191,790) + )\2l+20'<191,190) + ...+ /\2k0'(191,190),
0<1921+1, 192k+1) S )\21+1<1 + )\ -+ )\2 4+ ...+ )\2k72l71)0<191, 190),

)\2!—&-1
o(Va41,Vop41) < - )\0(191,190)-

As [ tends to oo, A2 — 0, so {541} is a Cauchy sequence in a complete metric
space Z. Then, there exists v € Z i.e.

lim 7921+1 = V.
l—00

To show: v is a fixed point of S.

O(l/, SI/) S O'(V, 192[+1) + 0(192[+1,Sl/),
o(v,Sv) < o(v,0941) + o(Pdy, Sv),
o(v,Sv) < o(v,941) + Mo (Do, v)]*o(Va, Pﬁgl)]'g[a(y, Sl/)]lfafﬁ.

As [ tends to oo, we have

o(v,Sv) = 0,

Sv = .
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i.e 'V’ is the fixed point of S.
Uniqueness of fixed point: Let v,v € Fixz(S)(if possible) i.e

Sv = vand Sv=r,
o(v,v) < o, V941) + 07, Vy41).

As [ tends to oo, we have

U(Vu ’7) = 0>
v = .
To show: ¥ = v.
o(0,v) = o(PY,5v) < No(@,v)*[o(0, PO o(v, S)]' ",
=o(0,v) = 0,
=v =

Hence, P and S have a common fixed point.
We will establish the next theorem by using these results.

Theorem 3.4. Let (Z,0) be a complete metric space. Given, € > 0, there exists
d > 0, such that for every 9,v € Z\Fix(P) and let S and P be two self mappings
on Z which satisfies

e <[o(9, )]0V, PY))P[o(v, Sv)]' ™" < e+ 6, (3.9)
—  o(Pv,Sv) <e. (3.10)

From (3.9) and (3.10), we have
o(PY,Sv) < [o(9,)]*[o(9, PY))Plo(v, Sv)]' 7, (3.11)

where a, B > 0 with o+ 3 < 1. Then, P and S have a common unique fixed point.
Proof. Let ¥y € Z be the initial point. Let ¢ = Py, 99 = Sth, V3 = P,
194 - 5193,...

In general, we can write the sequence {9, },
192n+1 = Pﬁgn and 192n+2 = Sﬁ2n+17vn e N.
Now, we have
o (P2, SVon11),
[0 (D20, V240)]° [0 (D2, PO20) [0 (D, Sain))' 7,
[0 (D20, D2n+1)1° [0 (D25 D2041)) [0 (D21, Dzy2)] 77,
(0-<192n> 792n+1>>a+/8,
J<192n7192n+1).

o (Vant1, Voni2)
0(192n+1, 192n+2)
0 (20,41, Vani2)
o (Vani1, 192n+2)a+ﬁ

02041, Vant2)

ANVANRVANRVAN
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Therefore, {o (2,11, Poni2)} is a decreasing sequence and it will converge to some

point, say 'b’ i.e.

lim 0'(192”+1, 192n+2) =b.
n—00

To show: b= 0.
Suppose b # 0, then we can choose § > 0, such that

b < o(Pant1, Vonta),
and
[0(V2n, V2 11)] [0 (Dan, P2 [0 (Pani1, Vo)) 7 < b+0.
From (3.12), we have
b <o(Voni1,Vans2) = 0(PVan, S¥2n11),

b <[0-<792n7 19271—&—1)]@[0-(792717 PﬁZn)]ﬁ[O‘(ﬁ%l—lny 519271—5-1)]1_&_/3 <b + J.

From (3.9) and (3.10), we have

O-(Pﬂ2n7 5792n+1)

<b,
0(Vont1, Vont2) < b,

From (3.12) and (3.14), we have

0(Van+1, Y2n42) = b, which is not possible unless b = 0. Therefore,

lim O'(?ggnJrl, 792n+2) =0.
n—00

To show: {¥s,} is a Cauchy sequence. Let m,n € N and m < n,
0(Vam, Vo) < 0(Vom, Dama1) + 0(Domi1, Vaman) + ... + 0(Von_1, J2n).
As m and n tend to 4+o00 (3.16) tends to zero.
lim o (Ja,, J2,) = 0.

m,n— 00

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Therefore, {5,} is a Cauchy sequence in a complete metric space Z, then there

exists ¥ € Z such that

lim ’19211 = 19,

n—o0

lim o (¥, ds,) = 0.

(3.17)
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To show: Pv = 9.
Suppose ¥ # Py = o(9, PY) >

(

o (9, PY) <o(0,92,) + o(PY,Va,),
O'(??,Pﬁ) SO’(ﬁ,ﬁzn)—i‘ (P?ﬁ Sﬁgn 1)
o (9, PY) <o (9,99,) + [0(0, 92n1)]*[0 (9, PD)]P[0(Dan_1, SV2n_1)]" "> 7. (3.18)

As n tends to oo, using (3.17) and (3.18), we have

o(v, PY) <0,
which is not possible. Therefore,
o(¥, PY) =
Py =9.

Uniqueness of fixed point: Let 9,9 € Fiz(P)(if possible) i.e

Py = 9, and P =1,
U(ﬁ,g) < 0(19,192”) + O'(Qg,lggn).

As n tends to oo, from (3.17), we have
o(¥,9) = 0,
=19 = 7.
Therefore, P have a unique fixed point.
Similarly {¢5;41} is a Cauchy sequence in Z, then there exists v € Z, such that

lim 19Ql+1 =V,
l—00

lim o(v,¥941) = 0, (3.19)

l—o0

and Sv = v, where v is a unique fixed point of S.
Suppose ¥ # v, then o(d,v) > 0,

o(0,v) = o(PV,5v) < [o(0,0)*[o (), PO o (v, Sv))' =7,
o(¥,v) <0,
which is not possible unless,

o(¥,v) = 0,
= 9=
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Therefore, P and S have a unique common fixed point.

Example 3.5. Let Z = R? and we define a metric o as 0 : R? x R?> — [0, +00) by

o(0,v) = (0 —v1)2+ (U9 — 1)2, where 9 = (9,9,),v = (v1,1,) € R?
and we define two mappings P, S : R? — R? by

v,v) = (20 —-1,3v+2),
9,v) = (302,20 +1).

By taking o = % and 8 = %, we get (J,v) = (1,—1) as its common unique fixed
point of P and S.

4. Application

Depending upon the dimension of a space, molecules have a certain number of
degrees of freedom with regard to their motions, like translational, vibrational and
rotational motions, with respect to the axes. An equipartition theorem says that
the average energy at temperature T is either used to contribute to a molecule’s
movement or energy is distributed to the movement of a molecule with each degree
of freedom. The total (internal) energy of molecules is given by

Un(T) = Unn(0) + nRT, (4.1)
where n varies, depending on whether the molecule is a gas (n = %), a linear
molecule (n = 2) or a nonlinear molecule (n = 0). U,(0) is the molar internal

energy at T' = 0, R is a constant. In motion state, even if T' = 0, the internal
energy may not be zero.

Theorem 4.1. When a non-constant temperature T' from (4.1) is applied to a
molecule under some space (may be a closed surface), then (4.1) has a solution
under a defined metric

7(Un(T), Un(S)) < [o(T, $)|*[o(T, Un(T)))’[0(S, Un(S)]' 7, (4.2)

where a, B >0 and a+ [ < 1.
Proof. Let us define o(z,y) = ||z — y||.
Here,

o (Un(T),Un(S)) = [[Un(T) = Un(9)Il,

o(Un(T), Un(5)) = [[nRT — nRS|],
o(Un(T), Un(5)) = n|R[ - [T = S]|.



Some Fized Point Theorems for Interpolative Meir-Keeler-Réich ... 249

Suppose,
NUn(T) = Un($)] = |IT = SIPNIT = Un(D)IPIIS = Un(S)[I*,
n|R|-||T = S|| = ||T = S||°||T = Un(T)||P||S = Upn(S)]]**,
n|R|-||T = S||*=* > ||T — Upn(D)||P||S — Un(9)||* 7. (4.3)
If T=5, from (4.3),
0> |[T = Un (D) PIIT = Un(T) |,
0> [|T = Un(D)I]',
0 = ||T = Un(D)][~, 4)

This implies thatU,,(7") has a unique fixed (point) temperature. From (4.1) we
have,

Un(T) — T = Uy (0) + nRT — T,
Up(T) — T = Upn(0) + (nR — V)T,
= [|[Un(T) = T = [[Un(0) + (nk = 1)T]|.
From (4.4)

0 = |[Un(0) + (nk — 1)T7|,
0 = Un(0) + (nR — )T,
(nR—1)T = -U,,(0),

_ Un(0)
- 1—nR

So, T is a constant temperature, which is a contradiction. Therefore,

n|R|-|T = S|| < ||T = S||*IT = Un(T)||°[|S = Un(S)||'*7,
= 0(Un(T), Un(T)) < [0(T, S)* [0 (T, Un(T)))[0(S, U ()] 7.

Hence, U,,,(T') has a solution.

5. Conclusion

In this paper, we obtain a unique fixed point by interpolating two contractions,
namely the Meir-Keeler contraction and the Reich-Ciric contraction, on a complete
metric space with a single mapping. This was supported by an example shown
earlier. The condition established earlier with regard to a common fixed point for
double mappings was supported by Theorem 3.3 and Theorem 3.4. This was also
supported by an example given earlier.
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